We consider a class of non invertible piecewise affine hyperbolic endomorphisms with singularities and show that for an open set of parameters there exists almost surely an absolutely continuous invariant measure. Also, exponential decay of correlations is proved for Hölder continuous functions.
Introduction
In [1] , Alexander and Yorke considered a one parameter class of maps called the fat baker's transformations. These maps are piecewise affine maps of the square with one expanding and one contracting direction. Their results together with the result of Solomyak in [14] , imply that for an open set of parameters, almost surely there is an absolutely continuous invariant measure. The fat baker's transformations are a special case of the Belykh map, introduced in [5] by Belykh. Schmeling and Troubetzkoy considered in [13] the Belykh map for a wider range of parameters. It was further investigated in [12] .
In this article we consider a three parameter class of endomorphisms similar to the Belykh map. In fact, this class has a non empty intersection with the class of Belykh maps considered in [13] and [12] and it contains the fat baker's transformations. We show that there is an open set of parameters for which there is almost surely an absolutely continuous invariant measure.
Similar results in two dimensions, but in the case of expanding maps, were independently obtained by Buzzi in [3] and Tsujii in [15] . The corresponding results for arbitrary dimension are in [2] and [16] .
In [17] Young introduced a method using a tower construction for proving exponential decay of correlations for a wide range of hyperbolic maps. Among other examples in the article she uses the method to prove exponential decay of correlations for a class of piecewise C 2 maps in two dimensions. Buzzi and Keller proved in [4] that a class of piecewise affine and expanding maps have exponential decay of correlations. In Section 5 the method of Young is adopted to show exponential decay of correlations for our class of maps.
f (x, y) = (λx + (1 − λ), γy − (γ − 1)), if (x, y) ∈ Q 1 , (λx − (1 − λ), γy + (γ − 1)), if (x, y) ∈ Q −1 ,
where the parameters are With a little more work the method of this paper can be used for maps with singularity sets with more than one jump. The only difficulty is to show that the complete backward orbit of the vertical components of the singularity consists of finitely many pieces.
The main difficulty in working with the map f is that it is not invertible. To handle this problem we lift the map f to an invertible mapf on the three dimensional cube. The idea is to prove the desired result forf and then project the result on f . This idea has previously been used in [13] and [12] .
The mapf is defined as follows.
where τ is chosen so small thatf is invertible on its image, that is τ < . See Figure 2 . Denote by π the projection fromQ to Q, defined by π(x 1 , x 2 , x 3 ) = (x 1 , x 2 ). 
THE CLASS OF ENDOMORPHISMS

Given a sequence
where 0 ≤ l < m ∈ N. We will writeR
be the coding of the systemf λ,γ,κ . Denote by σ the left shift. The setΛ
is the attractor off λ,γ,κ . It is easy to see that the map ρ λ,γ,κ : Σ λ,γ,κ →Q defined by ρ λ,γ,κ : i → (x 1 , x 2 , x 3 ) where
ABSOLUTELY CONTINUOUS INVARIANT MEASURE
Letν denote the normalised Lebesgue measure onQ and for n ∈ N definê ν n =ν •f −n . The sequence of measureŝ
n converges weakly to the SBR-measure,μ SBR . In [13] it is shown that the measure µ SBR =μ SBR • π −1 is the SBR-measure of f . It has the property that the conditional measures on the unstable manifolds are absolutely continuous with respect to Lebesgue measure.
The map f satisfies the conditions (H1), (H5)-(H9) in [9] and this implies that there exists C, q > 0 such that ν(f −n U (S, ε)) ≤ Cε q for all n > 0, where U (S, ε) denotes the ε-neighborhood of S. This implies that µ SBR (Λ) = µ SBR (Λ) = 1. In [9] it is also shown that hμ SBR = h µSBR = log γ.
Let x ∈ Q. We define the local stable manifold W s (x) of x to be the largest connected subset of
y) < δ} to be the stable manifold of x with length 2δ. Otherwise we say that W s δ (x) does not exist. Since f is not invertible we can not define the local unstable manifold of x in the usual way. Let
This set has positive Lebesgue measure if δ is taken sufficiently small, see [9] . It is even true that
δ then for any y = (y 1 , y 2 ) with y 1 = x 1 and |x 2 − y 2 | < δ we have d(f −n (x), f −n (y)) < δγ −n for all n ≥ 0. We can thus define the unstable manifold of x = (x 1 , x 2 ) ∈ D − δ of length δ to be the set
Absolutely continuous invariant measure
We will prove the following theorem.
Theorem 1.
There is an open ball P ⊂ {λ, γ, κ} such that µ SBR ν for a.e. (λ, γ, κ) ∈ P .
There are parameters in the set {γλ > 1, κ = 0} for which the SBR-measure is not absolutely continuous. In [1] , Alexander and Yorke point out that if κ = 0, γ = 2 and λ −1 is a Pisot number, then the SBR-measure is singular with respect to Lebesgue measure. If γλ < 1 then there can not be any absolutely continuous invariant measure µ, since then the Lebesgue measure of f n (Q) converges to zero but µ(f n (Q)) = 1 by invariance.
To prove Theorem 1 the method of Peres and Solomyak in [8] will be used. This is a simplified version of the method used by Solomyak in [14] . Peres and Solomyak showed the almost surely absolutely continuity of a Bernoulli convolution when the associated shift space is the full two-shift Σ 2 . In this proof we have to work with the more restricted shift space Σ λ,γ,κ and this introduces more difficulties in the proof. Also, it is necessary to controll how the shift space Σ λ,γ,κ depends on the parameters. The following Lemma from [14] will be used in the proof of Theorem 1.
Lemma
N the following estimate is valid.
Let γ, κ be fixed and I ⊆ (0.5, 0.64) any interval such that {γ}×I ×{κ} ⊂ P , where the set P will be chosen later.
Let B r (t) = [t − r, t + r] and let
denote the lower derivative of the measure µ λ,s,x SBR -the conditional measure of µ λ SBR with respect to the local stable manifold W s (x). The partition of Q into local stable manifolds is clearly measurable so the conditional measures exist and we can use them as follows. We want to prove that for a.e. λ there is a set Ω λ such that µ λ SBR (Ω λ ) > 0 and
holds for a.e. x. This implies that the measure µ λ,s,x SBR restricted to the set Ω λ is absolutely continuous for a.e. x. Since the conditional measures on the unstable manifolds are absolutely continuous with respect to Lebesgue measure, this implies that µ λ SBR | Ω λ is absolutely continuous with respect to Lebesgue measure. Since µ λ SBR (Ω λ ) > 0, ergodicity then implies that this also holds for the measure µ λ SBR .
Fatou's lemma implies that in order to prove (1) it suffices to prove that lim inf
We may rewrite this as lim inf
We will choose a class of functions x : I → Q such that x(λ) ∈ Ω λ and prove that the following estimate is valid lim inf This then implies that µ SBR ν for a.e. λ ∈ I. Instead of proving (3) we use that µ SBR =μ SBR • π −1 and prove the equivalent condition lim inf
To prove (4) the symbolic coding Σ λ,γ,κ will be used. Since we have γ and κ fixed and vary λ it is the dynamics taking place in the horizontal direction that is crucial. It is hence the dynamical behaviour of the vertical component of the singularity S v that is important. Below, we will choose a set P in which S v behaves as if it does not exist.
One checks with a numerical calculation that for γ = 1.858, λ = 0.54 and κ = 0 there are only finitely many points in the complete backward orbit of the vertical piece of the singularity, S v . Numerics are only used to see this in an easy way. It does not influence on the rigorousity of the proof. In this case, when κ = 0, we have S v = {0}. Figure 3 The numerical evaluations of the points are in Table 1 and Table 2 . Comparing these values with
shows that there are no more points in the backward orbit of S v and that these points are bounded away from the set f (S). This allow us to draw the following
PROOF OF THE THEOREM
iterate coordinates numerical values contained in Figure 3 . Figure 4 .
conclusion.
There is an open neighborhood U of S v such that f −N (U ) = ∅ for N sufficiently large.
By the continuous dependence on the parameters of the finitely many points in the backward orbit of S v , there exists an open ball P ⊂ {γ, λ, κ} around (γ, λ, κ) = (1.858, 0.54, 0) such that the backward orbit of S v behaves in the same way for any (γ, λ, κ) ∈ P in the following sense. For any (γ, λ, κ) ∈ P the backward orbit of S v contains finitely many pieces, each bounded away from f (S), and there are uniform numbers α > 0 and
Recall that we have the parameters γ and κ fixed and I is an interval such that {γ} × I × {κ} ⊂ P . Partition I into sub intervals {I t } p t=1 , such that |I t | < 1 15 α. This can be done so that p < 15|I| α + 1. For each t = 1, . . . , p fix a λ t ∈ I t . The following lemma will provide sufficient control when changing the parameter λ.
Lemma 2. For any t and any λ, λ ∈ I t the symbolic spaces Σ λ,γ,κ and Σ λ ,γ,κ coincide.
Proof. A pointx = (x 1 , x 2 , x 3 ) ∈Q lies inΛ λt if and only if there is a sequence {i n } n∈Z such that
We show that for any λ ∈ I t there is a pointx = (x 1 , x 2 , x 3 ) ∈Λ λ such that the corresponding sequence {i n } n∈Z satisfies i n = i n for all n ∈ Z. In this way we define a map Ξ λt ,λ :Λ λt →Λ λ by Ξ λt,λ :x →x .
It suffices to show that the pointx = (x 1 , x 2 , x 3 ) defined by
Then this implies thatx ∈Λ λ . A change of λ has only influence on the second coordinate off (x). Since the local stable manifolds are parallel and oriented in the direction of the second coordinate it suffices to check that when changing λ, the second coordinate never move over the vertical discontinuity S v . We do this by an estimate of the derivative
. This implies that
This means thatx does not cross the vertical piece of the singularity and hence stays on the same side of the singularity asx. Similarly one shows that any iteratef n λ (x ) of stays on the same side of the singularity asf n λt (x).
Remark. The partition of I into subintervals is arbitrary so in fact the symbolic spaces coincide for any λ, λ ∈ I.
We have shown that the symbolic space Σ λ,γ,κ does not change when λ varies. We also need to estimate how the measureμ λ SBR changes.
for any cylinder set of the form
Proof. Since there are only finitely many inverse images of the set S v , all other inverse images of the singularity will consist of a horizontal line. As λ varies over I these horizontal lines are not changed, only the inverse images of S v changes. There is thus a constant c 1 , independent of t, such that for any λ ∈ I t and any cylinder set of the form
Remark. Lemma 3 is also valid for the conditional measures on the stable manifold.
Since the entropy of the conditional measures are a.s. equal that of the measure, the Shannon-McMillan-Breiman theorem implies that given ε > 0, there exists a number n 0 (λ,x, ε) such that
Lusin's Theorem implies that there is a number n 1 (ε) and a setΩ 0,λt such that
. Take a λ 0 ∈ I andx λ0 ∈Ω λ0 . Definex(λ 0 ) =x λ0 and for λ ∈ I definex(λ) so that ρ −1 λ,γ,κ (x(λ)) = ρ −1 λ0,γ,κ (x(λ 0 )). Thenx is continuous. By Lemma 1
we can proceed as follows
This is independent of the choice ofx : I → Q so this proves Theorem 1.
Decay of correlations
Consider the following class of Hölder continuous functions defined on Q
We will show that f has exponential decay of correlations for functions in H η . More precisely, we will show the following theorem.
DECAY OF CORRELATIONS
Theorem 2. Let (λ, γ, κ) ∈ P . There is a τ = τ (η) < 1 such that if φ, ψ ∈ H η then there is a C = C(φ, ψ) such that
In [17] , Young introduces a general scheme for proving exponential decay of correlations. The method is to find a set Θ with nice hyperbolic properties and a hyperbolic product structure;
where Γ s and Γ u are collections of stable and unstable curves respectively, and a return time R : Θ → N such that f R(·) (·) : Θ → Θ. For ω ∈ Γ u let ν ω denote the conditional measure of the Lebesgue measure ν with respect to the curve ω. If the conditions
n , for some C and θ < 1, (f n , Q) is ergodic for each n > 0, and some other regularity conditions are satisfied then this is sufficient to conclude exponential decay of correlations for Hölder continuous functions. Among other examples in [17] , Young shows how to find the set Θ and the return time R for a class of piecewise C 2 hyperbolic maps in two dimensions. This class of maps is different from our class but still the method can be used to construct Θ and R. We give the construction of Θ and R below.
The fact that (λ, γ, κ) ∈ P makes the construction of Θ easier. This is because there is a uniform estimate of the length of the local stable manifolds for these parameters. From Section 4 we conclude that W s α (x) exists for all x ∈ Λ. Theorem 2 is true also if (λ, γ, κ) ∈ P but then we have to work with the set D
which would have made the construction of Θ somewhat more technical.
We will now proceed with the construction of Θ and R. It is important to gather enough expansion in the unstable direction. For this purpose we take an N ∈ N such that γ N > 2e 1 e . Choose δ > 0 so that for any curve ω in the unstable direction with length not greater than δ the set f N (ω) consists of at most two connected components. This can be done since we can choose δ to be the smallest distance between the lines in the set ∪ N n=0 f −n (S h ). Take 0 < δ 0 < 1 6 δ to be so small that the set
has positive Lebesgue measure. For any x ∈ A δ0 we define Ω(
We let Θ(x) be the hyperbolic set with the product structure defined by Γ s (x) and Γ u (x). For any x ∈ A δ0 we let Q(x) be the smallest open rectangle containing Θ(x). The open sets {Q(x)} x∈A δ 0 form an open covering of A δ0 . Since A δ0 is compact we can select a finite subcover {Q(x i )} r i=1 . The sets {Θ(x i )} r i=1 will then cover A δ0 . We will write Θ i for Θ(x i ).
We define the return time R to ∪Θ i on a subset of the sets Θ i . Let i be fixed. We iterate the map f N and consider the connected components of the set (f N ) n (Ω(x i )). We construct for each n ∈ N a partition P i n of Ω(x i )\{R ≤ n} into connected curves with the property that if ω ∈ P i n then (f N ) n (ω) is a connected curve of length < 6δ 0 .
Let P i 0 be the trivial partition, P i 0 = {Ω(x i )}. Assume that P i n−1 is defined. Let ω ∈ P i n−1 . Since (f N ) n−1 (ω) is a connected curve of length < 6δ 0 the set (f N ) n (ω) consists of at most two connected components. Let {ω j } j=1,2 be the corresponding components of ω. If (f N ) n (ω j ) has length < 6δ 0 then we put ω j in P i n . If however (f N ) n (ω j ) has length ≥ 6δ 0 then there is a k such that (f N ) n (ω j ) crosses Q(x k ) with segments of length ≥ δ 0 sticking out on each side of Q(x k ). Since |(f N ) n (ω j )| > 6δ 0 we have (f N ) n (ω j ) ∈ Γ u (x k ) and this implies that (f N ) n (ω j ) ∩ Q(x k ) ⊂ Θ k . We define R = n on ω j ∩ (f N ) −n (Θ k ). In this way we get two pieces of length > δ 0 on each side of (f N ) n (ω j \ {R = n}). We partition ω \ {R = n} into {ω j,k } m k=1 such that δ 0 < (f N ) n (ω j,k ) < 6δ 0 and put {ω j,k } in P i n . Finally, if ω ∈ P n−1 then we define R = n on the set
where Γ s (ω) is the set of local stable manifolds in Γ s (x i ) which has non-empty intersection with ω. The uniform estimate on the length of ω s ∈ Γ s implies that (f N ) n (S ω ) ⊂ Θ k .
Lemma 4.
Let Ω = Ω(x i ) for some x i . There exists C > 0 and θ 1 < 1 such that ν Ω {R > n} ≤ Cθ n 1 . Proof. Let T 1 (x) be the smallest n ≥ 1 such that if ω ∈ P n−1 is the component containing x then |(f N ) n (ω)| ≥ 6δ 0 . If there is no such n then we say that T 1 (x) is not defined. Note that T 1 ≤ R Suppose that T k (x) has been defined. Then we define T k+1 (x) to be the smallest n > T k (x) such that if ω ∈ P n−1 is the component containing x then |(f N ) n (ω)| ≥ 6δ 0 . Let T k = {T k is defined}. Each time a segment is stretched to a length over 6δ 0 a piece of length 2δ 0 returns to one of the sets Θ i . This implies that if ω ∈ P n−1 and T 1 | ω = n then |(f N ) n (ω)| < γ N 6δ 0 and so
